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A uniform disc with centre O, mass m and radius a is free to rotate without resistance in a vertical
plane about a horizontal axis through O. One end of a light inextensible string is attached to the rim
of the disc and wrapped around the rim. The other end of the string is attached to a block of mass 3m
(see diagram). The system is released from rest with the block hanging vertically. While the block is
in motion, it experiences a constant vertical resisting force of magnitude 0.9mg. Find the tension in
the string in terms of m and g. [5]
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A particle P moves on a straight line in simple harmonic motion. The centre of the motion is O, and
the amplitude of the motion is 2.5 m. The points L and M are on the line, on opposite sides of O, with
OL = 1.5m. The magnitudes of the accelerations of P at L and at M are in the ratio 3 : 4.

(i) Find the distance OM. [2]

The time taken by P to travel directly from L to M is 2.

(ii) Find the period of the motion. [5]
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3  Two uniform small smooth spheres A and B have equal radii and each has mass m. Sphere A is
moving with speed # on a smooth horizontal surface when it collides directly with sphere B which is
atrest. The coeflicient of restitution between the spheres is % Sphere B is initially at a distance d from
a fixed smooth vertical wall which is perpendicular to the direction of motion of A. The coefficient of

restitution between B and the wall is %

(i) Show that the speed of B after its collision with the wall is %u. [4]
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(ii) Find the distance of B from the wall when it collides with A for the second time. [6]
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A uniform rod AB of length 3a and weight W is freely hinged to a fixed point at the end A. The end
B is below the level of A and is attached to one end of a light elastic string of natural length 4a. The
other end of the string is attached to a point O on a vertical wall. The horizontal distance between A
and the wall is 5a. The string and the rod make angles 6 and 260 respectively with the horizontal (see
diagram). The system is in equilibrium with the rod and the string in the same vertical plane. It is

given that sin 8 = % and you may use the fact that cos20 = 27—5
(i) Find the tension in the string in terms of W. [3]
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(ii) Find the modulus of elasticity of the string in terms of W. (4]
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A particle of mass m is attached to one end of a light inextensible string of length a. The other end of
the string is attached to a fixed point O. The particle is moving in complete vertical circles with the
string taut. When the particle is at the point P, where OP makes an angle o with the upward vertical

through O, its speed is u. When the particle is at the point O, where angle QOP = 90°, its speed is v

(see diagram). It is given that cos o = %.

(i) Show that v? = u? + 15—4ag. [2]

The tension in the string when the particle is at Q is twice the tension in the string when the particle
is at P.

11 tain another equation relating u”, v°, a and g, and hence find «# 1n terms of a and g.
(ii) Obtai her equati lating u?, v? dg,and h find u i faand g [5]
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6  The independent variables X and Y have distributions with the same variance 6. Random samples of
N observations of X and 2N observations of Y are taken, and the results are summarised by

Yx=4, Ix*=10, Xy=8, Xy>=102.

These data give a pooled estimate of 10 for c%. Find N. [5]
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A random sample of twelve pairs of values of x and y is taken from a bivariate distribution. The
equations of the regression lines of y on x and of x on y are respectively

y =0.46x+1.62 and x =0.93y+ 8.24.

(i) Find the value of the product moment correlation coeflicient for this sample. [2]

(ii) Using a 5% significance level, test whether there is non-zero correlation between the variables.

[4]
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8 The number, x, of beech trees was counted in each of 50 randomly chosen regions of equal size in
beech forests in country A. The number, y, of beech trees was counted in each of 40 randomly chosen
regions of the same equal size in beech forests in country B. The results are summarised as follows.

Tx=1416 Tx*=41100 Ty=888  Xy>=20140

Find a 95% confidence interval for the difference between the mean number of beech trees in regions
of this size in country A and in country B. [9]
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9  The continuous random variable X has probability density function f given by

] 0 x<0,
xX) =
( ) ae—xan x> O,

where a is a positive constant.

(i) Find the value of a. [2]
(ii) State the value of E(X). [1]
(iii) Find the interquartile range of X. [4]
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The variable Y is related to X by Y = 2%,

(iv) Find the probability density function of Y. [5]
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10 Roberto owns a small hotel and offers accommodation to guests. Over a period of 100 nights, the
numbers of rooms, x, that are occupied each night at Roberto’s hotel and the corresponding frequencies
are shown in the following table.

Numb'er of rooms 0 1 ’ 3 4 5 6 57
occupied (x)
Number of nights 4 9 18 26 20 16 7 0

(i) Show that the mean number of rooms that are occupied each night is 3.25. [1]

The following table shows most of the corresponding expected frequencies, correct to 2 decimal
places, using a Poisson distribution with mean 3.25.

Number of rooms
occupied (x)

Observed frequency 4 9 18 26 20 16 7 0
Expected frequency | 3.88 12.60 | 20.48 | 22.18 | 18.02 | 11.72

(ii) Show how the expected value of 22.18, for x = 3, is obtained and find the expected values for
x =06 and forx > 7. [4]
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(iii) Use a goodness-of-fit test at the 5% significance level to determine whether the Poisson
distribution is a suitable model for the number of rooms occupied each night at Roberto’s
hotel. [7]
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11 Answer only one of the following two alternatives.

EITHER

3a

The diagram shows a uniform thin rod AB of length 3a and mass 8m. The end A is rigidly attached
to the surface of a sphere with centre O and radius a. The rod is perpendicular to the surface of the
sphere. The sphere consists of two parts: an inner uniform solid sphere of mass %m and radius a
surrounded by a thin uniform spherical shell of mass m and also of radius a. The horizontal axis [ is
perpendicular to the rod and passes through the point C on the rod where AC = a.

(i) Show that the moment of inertia of the object, consisting of rod, shell and inner sphere, about

the axis [ is %maz. (6]

© UCLES 2017 9231/23/MIIIM7



21

The object is free to rotate about the axis /. The object is held so that CA makes an angle a with the
downward vertical and is released from rest.

(i) Giventhatcosa = %, find the greatest speed achieved by the centre of the sphere in the subsequent
motion. [6]
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OR

The times taken to run 200 metres at the beginning of the year and at the end of the year are recorded
for each member of a large athletics club. The time taken, in seconds, at the beginning of the year
is denoted by x and the time taken, in seconds, at the end of the year is denoted by y. For a random
sample of 8 members, the results are shown in the following table.

Member A B C D E F G H
X 24.2 23.8 22.8 25.1 24.5 24.0 23.8 22.8
y 239 23.6 22.8 24.5 24.2 23.5 23.6 22.7

[Zx =191, Zx>=4564.46, Xy=188.8, Xy*>=44584, Xxy=4510.99.]
(i) Find, showing all necessary working, the equation of the regression line of y on x. [4]
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The athletics coach believes that, on average, the time taken by an athlete to run 200 metres decreases
between the beginning and the end of the year by more than 0.2 seconds.

(ii) Stating suitable hypotheses and assuming a normal distribution, test the coach’s belief at the 10%
significance level. [8]
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